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DIFFRACTION OF ACOUSTOELECTRIC WAVES BY
TUNNEL CAVITIES IN AN UNBOUNDED
PIEZOCERAMIC MEDIUMY
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The steady wave process in a piezoceramic space with tunnel cavity-openings under plane deformation conditions in a plane
parallel to the axis of symmetry of the material is investigated. The corresponding two-dimensional boundary-value problem of
electroelasticity is reduced to a system of three singular integral equations of the second kind. The results of a numerical
implementation of the algorithm illustrate the effect of the configuration of the openings, the type and frequency of the excitation
.and the effect of the connectedness of the mechanical and electric fields on the stress concentration. © 1998 Elsevier Science
Ltd. All rights reserved.

Plane and antiplane problems of pulsed and harmonic excitation of piezoelectric media with tunnel
cracks or cavities have been investigated, for example, in [1-3). The system of boundary integral equations
of plane problems of electroelasticity for the steady oscillations of solids with smooth boundaries is
formulated in [4].

1. We will consider, with respect to Cartesian rectilinear axes x;, x,, X3, a piezoceramic medium,
weakened by tunnel cavities along the x, axis, the transverse sections of which are bounded by the
contours I,(m = 1,2, ..., n). We will agree to assume that the x; axis coincides with the direction of
the electric field lines of preliminary polarization of the ceramics. We will assume that the surfaces of
the cavities are free from mechanical loads, and that plane monochromatic waves of the appropriate
types are incident on them from infinity.

We will assume that the curvatures of the contours I',,, satisfy a Holder conditions [SjonI' = U T,,
and, in addition, NI, = &.

In this formulation, a state of plane deformation in x;Ox; occurs in a medium with cavities. The
complete system of equations has the following form [6]: the equations of motion of the medium

0,0, =pd%u; 1 9t?, 9, =3/3x,, i,k=13 (1.1)
the equations of electrostatics
divD=0, E=—grad ¢ (1.2)
and the material equations
)y =€ 01 +C1303u3 — 3, E3, O3 = Caq (O3 + 31 ) — €5,
033 = 0130, + 33033 — e33E; (1.3)
Dy =€ E, +e5(3u3 +03u;), D =€3E; + 3,01 + 330313

Here oy, u;, E;, D; and ¢ and the stress tensor, the displacements, the electric field strength, the electric
displacement and the electric potential, ¢; = cff are the moduli of elasticity, measured for a constant
electric field, g; = }; are the permittivities, determined for constant deformation, ¢y; are the piezoelectric
moduli and p 1s the density of the material.

Assuming

u; =Re(U;e™), o, =Re(T,e™),
¢ = Re(de ™)
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Fig. 1.

we write the system of equations (1.1)-(1.3) in matrix form in terms of the amplitudes of the
displacements and the electric potential

Ly L, Lyjjvi” uv® uPl o
b Ly Lyflo® v uP]- (1.4)
Ly Ly Ly d>(') o o®

where the differential operators L; are defined as follows:
Ly =13} +cyd} +p0?, Ly, = Ly =(c13+€44)0,03
Liy = Ly = (e3) + 1508103, Ly = cyyd] + 330 +pw?
Lyy =Ly = 53] +€330}, Ly =-€,,8} —€5333, Ly =L;

It is necessary to supplement system (1.4) with the mechanical and electrical boundary conditions
on the cavity surfaces. Assuming that the cavity surfaces border on a vacuum (air), we can assume

[6]
D, =Dycosy+Dysiny=0 on T, (1.5)
(v is the angle between the normat to the contour I and the Ox, axis (Fig. 1)).

2. To construct the correct integral representations of the amplitudes of the displacements and the
potential, for the purpose of reducing the initial boundary-value problem to a system of integral
equations, we will use the matrix of the fundamental solutions of system (1.4) [4], which, in different
notation, we will represent in the form

(k) _ &R 1 AL 353
WP (rB,0)= —43-| Ay P(0,)+8:0;10Q(8) t — (2.1)
W Ca4 0 v—l A( a)

wE =U®, WP =uP, WP =0®, £=123
Here
T ix . . .
‘P(x)=—2—-e —cosxcix~sinxsix, Q(x)=-lnx-C

8, =y ricos(o.—B)l, @=rcos(a—P), j.k=1,2,3

A’(k') pvb(k) +C(k) +835 Cay /pv , o= 024
(-1)”(;:2 p) pios

J 2 2 2
A(0) = €44 (a),89,833 + 20130303 ~ ay,8y; — Apay3 — G33a;5)
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A(0) = (ay,ay3 + 83833 — a3y - ai3) | 3y Ay(@)=ay /ey

ay = —cunf —cymi, a3 =—(e; +e5)nyn,

@y =—(Cj3 +Cag )My, gy =—cyynl —cyani, n =cosa

ay =—eysn| —exni, ay =guni +e3n}, m=sina

b{ D= G0y — azzav bgl) = 0)30y3 — y3833, b.%” =0128y3 — 013Gy

@) _ 2 (2) _ 3
b =ay a3 -aj3, b3 = a3 —a)ay;3, b§’=a,,a22-a,22

a _ My _ i 2
€ =cuay, €5 =—cyap, o’ =0, ¢ =cyay,

@ 3 . .

P =—cuay, ¥ =cyla +ay), =cf-"), b =b,(."’
B 2

P\Z,(Ol)=—"2—l+(—1)v T"Bz, v=12

A (o) 0 ’c
B. =Ll y=— o= [-4
() A(0) ¥ e’ ¢ p

R=R, Ry=R, Ry=Q, g =¢,=~-1, g =1

Note that the functions (2.1) are the solution of the problem of the harmonic excitation of a
piezoceramic medium acted upon by mechanical forces Xi(x,, x3, 1) = 8(x1, x3) Re(Pre™) (k = 1, 3)
concentrated along the line x; = 0, ~0 < x; < o, x3 = 0, or electric charges g(x;, x3, ) = 8(xy, x3)
Re(Qe™™), where 8(x;, x3) is the Dirac delta function. The superscript k£ = 1, 2, 3 in (2.1) indicates
correspondence between the quantities U,-(") and ®® and the concentrated loads X;, X5 and g, 8%, is
the Kronecker delta, C = 0.5772 is Euler’s constant, si x, cix are the integral signs and cosines [7], and
(r, B) are the polar coordinates of a point in the x;Ox; plane.

It follows from an analysis of the system of differential equations (1.4) that two types of plane
monochromatic waves, namely, quasi-longitudinal and quasi-transverse waves, can exist in a piezoceramic
medium [6]. The velocities of these waves depend on their direction of propagation. Here the amplitudes
of the displacements and the electric potential corresponding to a wave with wave number v,, are given
by the expressions

WP =1, exp[—iy, (8)(x cos D+ xysin®)] (v=1,2; j=1,2,3)
(2.2)

Yy () = o , e (B)=—1H_ Va4
¢, (®) N
Here ¥ is the angle between the normal to the wave front and the x; axis, and the functions p,(9) are

defined in (2.1). The amplitude of the potential W3, in each of the acoustoelectric waves is related to
the amplitudes of the displacements W3, and W3, as follows:

_ Bri(eis +ey)sin 28 + 15 (e5 cos? B + ez 5in” 9)

T3 -
8” 00;2 13+£33 Sln2 9

(2.3)

3. The overall acoustoelectric field in a piezoelectric medium with defects is made up of the fields due
to radiated waves, and the fields scattered by the cavities. Using (2.1), we can represent the amplitudes
of the displacements and of the electric potential, corresponding to the scattered field, in the form

3
Wi(z)= kZl | P (©)gy (G, 2)ds (3.1)
=l r
H 2 * - d
&€= E;—";Z ‘j) { E. ARW(6],)+878;1,Q(0 )}-X(‘;—)
0, =yp,rtcos(a—B*), 0° =r'lcos(ax—p")

rr=ll-z, B =arg{-2), z=x +ix;, {eT
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Here pi(C) are unknown densities, to be determined, and ds is an element of the arc of the contour I'.
The integral representations (3.1) possess the necessary completeness in relation to the boundary-value
problem considered.

Differentiating (3.1), we obtain

3
IW,(=3 | BOCPE2)ds, 1=1,3 (3.2
k=l T
600~ =] {3 x0w0@r)+835ia,00 @)} 4%
WA am?ed o Lo Y VIR A()
n

Mty = _ G -B* M@= - ————
¥OO))=-1pymH(@))signeos(@~p"), QU(O7)=-——0 o

T ; 1 . . .
H(x)=—2-e"' +—+cosxsix—sinxcix
X

Taking the functions (3.2) and the material equations (1.2) into account, we can find expressions for
the amplitudes of the stresses and the components of the induction and electric-field vectors at any
point of the region z & I'. When z — §, e T, when calculating the quantity ;W(z), one needs to take
into account the terms outside the integrals, which arise due to the singular nature of the kernels G,g’(c, z)
at the pointz = €.

It can be shown that the singular terms occurring in the functions G,E,’)(g, z), correspond to static loading
of the piezoelectric medium. Using (2.1) we obtain, after reduction

W _ iy &R $ T angng ) 2L
a,(w, ullo ) M\Z‘“{ vj 1= ( v) A(a) (3.3)

w(8,)=-w,nh®,)signcos(a.~PB), h(x)=H(x)-1/x

where W®are the static values of the displacements and of the electric potential. Consequently, the
function (3.3) vanishes when z = { i.e. is regular.

A fairly lengthy procedure for the analytic evaluation of the integrals, corresponding to the static
part of the derivatives of the fundamental solution (2.1), leads to the following result

R = b®ndo 3 @,my, AY
R T =RRey —M (3.4)
2nicyro A(c)cos(a—B) vl Z,—2u

AR = ~(Caq + cxa3NEy +E3HT) ~ (o5 +enght?)

A = yl(cas + €13 )€y +E33h3) + (€15 + ey Xeys +exhd)]

AR =1y [(Caq + Cr3Ners +exhts) = (€15 + €31)(Cas +C33hY)]

AR = ~(c;) + b XE +ExHd) —1i(es +e3)

AR =2 (s + €3 )Cas +€13) — (€15 + 3313 ey +Cahtd)

AD = (c1) +Caut2NCaq +Caatd) —RE(eyy +cae)’s A =AY

my =1, my, =My, Z, =X +RhyX3, Zyg = Xig HHyX30
where p,(Im p, > 0, v = 1, 2, 3) are the roots of the algebraic equation

aub+ bt +cu?+d=0

2 2
2 2 __%3 2 __ &5
a= "CMC33833(1 + k33 ), k33 = , kl5 =
¢33€33 Caa€yy

2 2
b = c44(2¢)3E33 — C33€1; +2€31€33) — 0113333 (1 + k33 ) — Caalers + e )" +

2
+2e33¢13(eys +€3;) + €13€x
€ = C44(238,, — €3)) + chyEyy +2c13615(€15 + €31) — €11(Caa€3a + C33€1) +2€15€33),

d= ‘—C”C44£|1(1 +k|25)
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The constants ay, are found from the three real systems of linear algebraic equations

3
Im Y d¥Po,, =, j=12,..6 k=123 (3.5)
v=l
dE = Wy gB =y ® g0 =0 gk o 4B

O =8ti2m, fH=0 i=123
.Ysk) - CHA(I‘) +(Cq3A(") +e33A(k))p'v

k )
) = (£3,4%%) — e A M, — €514}

Hence, using (3.3) and (3.4) the integral representations (3.2) can be written in the form

3

IWi=3 [ pQF &G 2)ds, 1=13 (6
k=1 T

FOC2)=Re 3 2R v, -3 ] abpoey) 2%

y (&2)= vel 2y Cv 21; Sval 0 v A(a)

Substituting the limiting values of the derivatives (3.6) asz — {; € I' into the mechanical and electrical

boundary conditions, we arrive at a system of three singular integral equations of the second kind in
the functions py(¢)

3
3G+ S | POMG L =NiGo), 121,23 (37)
=1 T

M= T(k)”l. m"; s My = 7;(3”"1' (3‘r )”3

* 3
My, =leys (R, + B - €0 B Ing + (e Fiy) + exsFop) ~ex it n;,
K} = RP(€.80)

£ _ 1 3 3
7i(| = CnF(k% +CIJF(')(k; +¢’1|F(t:)%
T‘z = coq(Foph ""-'ﬁ)(u)"'elsfék)s

k) _ 3
= Cn";)u + "33"6(/;2 + 933"3(153

2
N,(G) = Zl NP o), nf =cosy,, ny =siny,
Jj=

€41€: . .
Nlm(Co) = C|3(l + 831(:33 ]n, X1 Nél)(t;o) =cy(1 +k323 X,
33¢13

NP (Go) = cag(1+ki5In5x2, N5 (Go) = cas(1+ k)N X,

XI—TzlYI( )cxp( ‘Yl( )ImCo) X2 =12i72(0)cxp(—[72(0)Reco)
Vo =¥(&o) CLoel=Ur,, m=12,..,n j=12

The right-hand sides of Eqs (3.7) N ({,) were found using expressions (2.2) and (2.3); they
correspond to two types of loadings: a plane quasi-longitudinal wave propagating in a negative direction
of the x; axis (f = 1) and a plane quasi-transverse wave, radiated in the negative direction of the x; axis

(j = 2). The third integral equation (/ = 3) in system (3.7) corresponds to electrical boundary condition
(1.5).
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4. To determine the dynamic stress concentration in the piezoceramic medium with cavities we will
calculate the normal stress o on the contour I'. Bearing the integral representations (3.6) in mind, we
obtain

. 3
Gy =Re(Tye ™), T,(§o)=To+ kzl {p. o)t (Co)+ | POTE (.80 )ds}
= r

3 t+ *.2
Z (“'vn:‘. nl‘) mkvyak) (4'1)

£, (Cy)=—nIm
(Go L

k * 2 k) =
TP =T () + TP (m))? - 218 nyn;

T = —[(Cm + e—llﬁlJ(”; ) + ey (14 k3 )y )? ]Xn +2c44 1+ kf5Inn3x,
3

The quantities 7‘{? occurring here were defined in (3.7).

We will consider, as an example, a piezoelectric medium (PZT-4 ceramics [8]), weakened by a cavity of circular
or square cross-section with the parametric equations

Rel = a(cosn+ccos3n), Im{=a(sinn—csin3n), ne[0,2x] 4.2)

Here ¢ = 0 for a cavity of circular cross section and ¢ = 0.14036 for a cavity of square cross-section.

The functions pi(€)(k = 1, 2, 3) were calculated from (3.7) using (4.3) by the method of quadratures [9], and
then, using (4.1), we determined the stress Ty((g). For PZT-4 ceramics we have .

Figure 2 illustrates the change in the quantity x = | Tg/A | at the points n = = (curve 1) and = 3n/2 (curves 2
and 3) of the contour of a circular cavity as a function of the normalized wave number ya for a quasi-longitudinal
wave (curves 1 and 3) or a quasi-transverse wave (curve 2). The dashed curves are drawn for values of the
piezoelectric moduli e33 = e;; = 0 and e;5 = 0.1 C/m% which corresponds in practice to a piezoelectrically
passive material (for all ¢; = 0 system (3.5) is degenerate). In the first case of loading, the quantity A = | 73| =
oy V(cascas(l + 331)3 is the modulus of the amplitude of the stress o33 in the quasi-longitudinal wave, and in the
second case A = | T33| = tyyc4s V(1 + k3s) is the modulus of the amplitude of the stress o3 in the quasi-transverse
wave.

The graphs of the change in the value of y at the points n = 3n/2 and n = 1577/158 of the contour of the square
cavity are shown in Fig. 3. Curves 1-3 correspond to those in Fig. 2.

The distribution of the quantity y on the contour of the square opening when quasi-longitudinal and quasi-
transverse waves are radiated is shown in Fig. 4. The curve with number . corresponds to a value of the normalized
wave number ya = m.

It follows from these results that, in dynamic excitation, a redistribution of the stress o, over the cavity surface
occurs. The influence of the inertial effect manifests itself in an increase in oy over a certain range of variation of
the angular frequency compared with its static analogue. The effect of the connectedness of the acoustoelectric
fields, as can be seen from Fig. 2, may make a considerable contribution to the stress concentration, which is not
observed in the case of plane deformation of a piezoelectric ceramic medium in a plane perpendicular to the
direction of polarization of the material.

x X
7
2 ‘ N ~
7 2
0 2 ) e Vj 2 4 "

Fig. 2. Fig. 3.
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